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Abstract In this paper, using a new analytical method,
we solved the beam equation for a uniform bio- and nano-
filament in a viscous solution. The filament is assumed to
be attached at its two ends and driven by ultrasound plane
waves. To obtain analytical solutions, we converted the
beam equation to an equation that allows us the use of the
method of separation of variables. We then reconstructed
the solution of the original beam equation from the
solution of the converted equation. Subsequently, we have
used the parametric equations derived in this paper to
investigate the resonance condition for a microtubule
(MT) in an aqueous solution. We show that by using
ultrasound plane waves, one cannot satisfy a resonance
condition for MTs treated as rigid rods. In order to
achieve resonance, a single mode of the MT vibration
must be excited with a harmonic number larger than a
threshold value found here. Single mode excitation not
only helps to transfer a minimum amount of energy to the
surrounding medium compared with multi-mode excita-
tion, but it also allows for a simultaneous high amplitude
and high mode quality that is impossible using plane
waves. In order to overcome this difficulty, we propose to
use an ultrasound generation device as a potential tech-
nical solution characterized by both frequency control and
optimized energy transfer to the MT. Finally, the mini-
mum required intensity of the ultrasound at the location
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of the MT in order to break it is shown to be on the order
of 10° W/m?, which corresponds to 170 dB.
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Introduction

Ultrasound has been successfully used in medical imaging,
and it is widely accepted today that high intensity focalized
ultrasound (HIFU) may provide an effective noninvasive
targeted modality that could help to deliver drugs in cells
or else become an alternative to surgery in the treatment of
both benign and malignant diseases. Kennedy et al. (2003)
summarized the potential use of this technique in surgery
from clinical trial data. For example, it was shown that
HIFU was successful in reducing tumor size and pain and
showed no adverse side effects for patients with pancreatic
cancer (Wu et al. 2005). The efficiency of this technique
was shown to depend on physical parameters such as fre-
quency, intensity, the duration of the pulses, and time
interval between pulses. For medical trials, the frequency
range between 0.8 and 1.7 MHz and the intensity range
between 1 and 20 KW/cm? were used. However, further
studies are needed to understand the therapeutic mecha-
nism of HIFU, to optimize the delivery of HIFU to the
tumor site, and to decrease potential side effects. To
understand the action of HIFU on cell structure, most
studies thus far have been performed on either cultured or
isolated cells (Miller et al. 1996; Hrazdira et al. 1998). In
their studies on isolated cells, Hrazdira et al. (1998) have
shown the partial disassembly of all components of the
cytoskeleton and particularly microtubules (MTs) as a
result of ultrasound exposure. In addition, it appears that
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the effects of ultrasound depend on the phase of the cell
cycle during which the exposure takes place (Hrazdira
et al. 1998), with mitosis being the most sensitive phase.
This disassembly was characterized by thinning of fibrous
structures, their fragmentation and formation of granule-
like structures. However, it is difficult to precisely inter-
pret their experiments because when the experiment was
performed on cells, other constituents of the cell were not
properly monitored and analyzed (e.g., actin filaments).
Therefore, it is necessary to study first of all isolated MTs
and their behavior under the influence of externally
applied ultrasound. Interestingly, the above-cited authors
observed that ultrasound of intensities as low as 100 mW/
cm?® with a frequency of 0.8 MHz is enough to induce
these damages. These studies showed that, depending on
the physical parameters stated above, ultrasound damages
or destroys cancer cells through three predominant
mechanisms: (1) heating, (2) cavitation (repeated
mechanical shocks intensified by formation of microbub-
bles; Kennedy et al. 2003), and most interestingly (3)
mechanical shocks that break rigid filaments such as MTs
without heating and cavitation.

Since MTs play a crucial role in cell division and since
they have been shown to be strongly affected by ultrasound
effects, in this study, we aimed to elucidate theoretically
the vibrational dynamics of MTs in the absence of other
cellular constituents and their behavior under the influence
of externally applied ultrasound in situations where both
cavitation and heating are negligible. In particular, we are
interested in determining the existence of mechanical res-
onance conditions in terms of frequency, mode of appli-
cation, and the energy needed to eventually break MTs
since they play such an important role in the mitosis pro-
cess. The study of ultrasound effects on isolated MTs is
necessary to help understand its basic mechanisms of
action on cells and tissues, and it is a fundamental question
in nano-biophysics. Our ultimate goal is to improve the
design and hence the use of HIFU for the treatment of
cancer using noninvasive techniques. Recently, novel
ultrasonic techniques, such as the acoustic lens (Spadoni
and Daraio 2010), have been developed that offer addi-
tional capabilities of being able to focus the acoustic
energy at specific locations. This, if properly fine tuned,
can lead to oncologic applications of relevance to the
research presented in this paper. In this work by intro-
ducing a new method we managed to analytically solve the
equation of motion for the vibrational dynamics of an MT
that is attached at its two ends. This is especially relevant
for MTs during mitosis when they attach to chromosomes
and centrosomes at the plus and minus ends, respectively.
Below, we present the equations of motion used to model
MTs subjected to ultrasound, their analytical solutions, and
physical interpretation.
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Fig. 1 Schematic illustration of a bio- or nano-filament that is
attached to two beads at its ends. In the case of a microtubule, this can
be regarded as an approximate representation of the MT during
mitosis

Derivation of vibrational dynamics equations

In this section, starting with the beam equation (Rao 2004;
Gere and Timoshenko 1991), we solve the vibrational
differential equation of a bio- or nano-filament placed in a
viscous solution under the influence of an ultrasound plane
wave'. Our primary aim is to solve the problem paramet-
rically and subsequently to find analytical solutions for
different bio- or nano-filaments in an aqueous solution
with a given viscosity subjected to an ultrasound source
with an arbitrary frequency. In later sections, using the
parametric solution that will be found in this section and
the next, we will substitute the relevant values for an MT
and analyze the results. Besides the fact that a parametric
analytical solution is the best way to analyze the system, it
will also be applicable to other cases by using the obtained
solutions and substituting parameter values appropriate to
the filament of interest. Here, we first derive the solution
corresponding to free vibrations of the filament and then
we find the response of the filament’s vibrations when it is
driven by an ultrasound source with different frequencies
when the filament is attached at its two ends. This latter
situation is a reasonable representation of MTs during
mitosis.

Figure 1 shows a schematic drawing of a bio- or nano-
filament with length L whose two ends are attached to the
two beads that are trapped by laser tweezers (McDonald
2000; Neuman and Block 2004). The equation of motion of
the filament, driven by a sinusoidal force density (force per

! The reason that we discuss the effects of a plane wave and not other
types of waves in this paper is that due to the relatively short length of
the bio- and nano-filaments (in particular MTs) compared to the
distance between ultrasound source and the filament, we can
approximate the waves used in the previous experiments on the
filament (MT) as plane waves arriving at the location of the filament
(MT).
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unit length of the filament) with amplitude EIA*and angular 42X d2X
frequency o is X(0) =X(L) =0, a2 li=0= e li=z= 0. (5)

Ay(x,1) | crdy(nt) | p@y(x)
Ox* EI Ot EI 012

= Asin(wr). (1)

The second and the third terms on the left-hand side of
the above equation come from the viscous drag force of the
solution and the inertia of the filament, respectively. The
term on the right-hand side represents the effect of the
ultrasound source. Also, in Eq. 1 the viscous drag coeffi-
cient per unit length of the filament, flexural rigidity of the
filament, and the linear mass density are denoted as c |, El,
and u, respectively.

exp (— ;—; t) A, exp 5

2 2
(C—L> —o, Bt | + Byexp( — (C—L) —a, Bt

Applying the above boundary conditions to Eq. 3, we
find the eigenfunctions and eigenvalues of Eq. 3 as
X,(x) = sin(/*), = (7). (6)
Time dependence of the solution is a function of the
mode number, n. This results in two main different
situations® based on the mode number:

1. An over-damped case o, % < (;—;)2
El ci\2
2. An under-damped case o, % > (55)"

The time-dependent solution is

(7)
2
Cnexp(—g—;t)cos<\/ocn%—(§—;) t—5n>, n>n,

Part 1: complementary solution or the free vibration case

To solve the above equation, we first find the solution for
the homogeneous equation by setting the right-hand side of
Eq. 1 to zero (to find the complementary function).
Assuming that the solution for y(x, t) is a separable func-
tion of x and ¢,

y(x, 1) = X(x)Y (1), (2)

and then substituting Eq. 2 into Eq. 1 and dividing the
result by X(x)Y(r), we obtain the following two eigenvalue
equations:

4 X
T — ox(w), ®)
d?Y(t) ¢, dY(t)  EI

o is an arbitrary constant at this stage. As mentioned
before, we solve the equation for a filament that has been
attached at its two ends, which means the boundary
conditions for Eq. 3 are

2 This amplitude is proportional to the amplitude of the ultrasound at
the location of the filament, which is related to the intensity of the
wave at the location of the filament. In this section we are not
interested in calculating this quantity since our solutions are
proportional to A and we have good control of it through the intensity
of the wave. This issue will be revisited in a later section.

where n. = |L (%)1/4(3—;)1/2J is the integral part‘of

L (%)1/4(3—;)1/2 and A,, B,,, C,, and 9,, can be found from the

initial conditions imposed on the filament.

Thus using Eq. 6 for the spatial part and using Eq. 7 for
the temporal part of the function, we construct the fol-
lowing equation as a solution of the homogeneous part of
the filament equation:

o0

rew ) =3 yalnt) = 3K (0o 1), ®)

n=1

Part 2: particular solution for a filament driven
by a sinusoidal plane wave

In this section we solve the beam equation for a filament
that is driven by a sinusoidal ultrasound wave. To do that,
we first look for a particular solution of Eq. 1. Unfortu-
nately, the method of separation of variables cannot be
used directly, because the driving force does not depend on
the spatial variable. Therefore, we assume that the driving

3 Infact, there is a third special situation, but here we have assumed that
a, Ellu # (c l/Z,u)z. In the case of the critically damped solution, o, El/
i = (c1/2p1)*, we have to add another term to the solution in Eq. 8

4 This is also called an integral value or floor function (usually
denoted this way in mathematics). In mathematics and computer
science, the floor functions map a real number to the next smallest
integer. More precisely, floor(x) is the largest integer not greater
than x.
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force is AX(x)sin(wr), instead of Asin(wt) as a first
attempt to find a particular solution. This will help us solve
the differential equation using the method of separation of
variables. Later in this section we discuss the reasons for
accepting this assumption and show that this is not a lim-
itation of the method.

Substituting Eq. 2 into Eq. 1 with the new driving force
and dividing the result by X(x)Y(¢) we again generate two
eigenvalue equations. The eigenvalue equation related to
the spatial part is the same as Eq. 3, and the eigenvalue
equation related to the temporal part is

d*y (¢ dy (¢ EI
(1), cLdv()  EI
dr? w o dr o

Y(r) = %sin(wt). 9)

Again, applying the initial conditions mentioned in Eq. 5
into Eq. 3, we find the the same eigenfunctions and
eigenvalues as in Eq. 6. For the temporal function we try
(Marion 1970) Dsin(wf — ) as a particular solution.
Substituting this function into Eq. 9, expanding sin(wzt — 9)
and cos(wt — 9), and using the fact that sin wz and cos wt
are linearly independent, we find D and 6. Consequently, the
particular solution is

EIA
Y(r) = .
[(a% —w?)? + 4(;—;)2(1)2}

7 sin(wt — d), (10)

where ¢ in Eq. 10 is

§=tan' _? . (11)
oc% - w?

This is the particular solution for the temporal part of the
filament equation that represents all the information for
large” 1. Using Eq. 6 for the spatial function and Eq. 10 for
the temporal function, we find the complete form of the
particular solution for the filament vibration as

xt):Zyp”(xt ZBX Y, (
. EIA

S sm 1/4 I
2 o= + el

=
x sin(wt — ).
(12)

Note that o, has been calculated in Eq. 6. B, can be found
from the space dependence of the driving force.

So far, we found the particular solution for the nonho-
mogeneous term of AX(x) sin(wt) instead of A sin(wt). We

5 Here, “large” means large compared to the inverse of damping
parameter, ¢, /2y, in the complementary solution in Eq. 7. This means
that for >2u/c, our solution can be demonstrated by the particular
solution.
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now revisit the assumption made in order to use the method
of separation of variables for the original filament equation.
Since we know the eigenfunctions of Eq. 3, X,,(x), produce a
complete (or closed) set over the domain of ]O,L[ , this
means that we can expand any spatial function on the right-
hand side of Eq. I in terms of a linear combination of these
eigenfunctions. Since the beam equation is also linear,
particular solution for any spatial function present in the
driving force term will be a linear combination of terms in
Eq. 12 with the same coefficient B,. To find B, for the
original problem, when the the nonhomogeneous term is
Asin(wt), we just need to expand the numeral one over the
domain of ]0,L[ in terms of eigenfunctions X,,(x). Doing that
we find (Arfken and Weber 2001; Appendix)

4 [sin(mx/L) = sin(37x/L)  sin(57x/L)
1=- +
T 1 3 5
(13)
Using the coefficients in the above expansion,

substituting them into Eq. 12 and simplifying the result,
we derive the following exact particular solution of the
filament equation with a nonhomogeneous term A sin(wt),

i 4A
wraana|(n (B)' = f0?)’ + ()7 (14)
x sin(nmx/L) sin(wt — 0,).

yp(x7 t) =

Now that we have found the exact particular solution for
the filament equation driven by an ultrasound plane wave
and we know that this term becomes the only important
term just after a few oscillations of the filament subjected
to ultrasound, we are ready to evaluate any physical
quantity of interest.

Maximum bending and the resonance condition

In this section we first calculate the bending moment
exerted on the cross-section of the filament. The reason for
this calculation is that the bending moment is the quantity
responsible for bending any beam or filament and if it
exceeds some critical value (for a given filament with a
particular cross-section and material type), the filament will
break. Using the moment-curvature relationship, M = El/p
(Segel 1987), and the small deflection approximation,
1/p = % y(x, 1)/dx?, we find the bending moment by taking
a partial derivative of a particular solution with respect to x,

B 00 4(”7[) EIA
M(x,t) _n§ddnﬂ[(”4(%)4 51602)2 N (%>2w2]1/2 (15)

nmx/L) sin(wt — 0,,).

X

Z.

=)
—~

We then search for the frequencies that maximize the
bending moment for each mode. To do that, we maximize the
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amplitude of the bending moment with respect to frequency.
Taking the derivative of each of the amplitude of the bending
moment in Eq. 15 with respect to @ and setting them to zero
gives the frequencies that we seek, namely

nm\4EI c| 72

—) ——2(—) : (16)
L/ u 2u

where o and v represent angular and linear frequency,
respectively. Note that according to the above equation
resonance occurs for the values of n that make the quantity
under the square root positive. Solving the above equation
for the smallest integer value of n that yields the real value for
the frequency, ny, we find the first resonant mode number as®

L

noi[

w, =2nv, = (

Ho\1/4,C1\1)2
<G . (17)

The reason for calling the above frequencies resonant
frequencies is that they are the same frequencies that
maximize the amplitudes in the filament equation (Eq. 14).
When the amplitude in the filament equation is at a
maximum for each frequency, the corresponding mode
absorbs the maximum amount of energy from the source.
This then defines a resonant frequency.

Analytical results

In this section we substitute physical parameter values for
the MT into the obtained solution. Figure 2 (left axis)
shows the graph of the resonant frequency as a function of
the mode number for an MT with a length of 10 pm that is
placed in an aqueous solution. The viscosity of the solution
is 107> Pa-s (Howard 2001) and the diameter and flexural
rigidity of an MT are equal to 25 nm and 3 x 10~* N-m?,
respectively (Kikumoto et al. 2006; Kurachi et al. 1995).
The mass of each tubulin dimer is considered to be
110 KDa. We also need to calculate ¢; (Howard 2001;
Samarbakhsh and Tuszynski 2009), assuming the MT is far
from the boundary of the solution, using the following
equation :

4mnL ;
In(£) +0.84 '

= (18)
where F| is the perpendicular component of the viscous
force exerted on the MT by the solution when it moves
with velocity v with respect to the solution. Here, 7 is the
viscosity of the solution and L and r are the length and
radius of the filament, respectively. As can be seen from

6 « [1” in Eq. 17 is called a celling function that maps the argument to
the next largest integer. Also note that in this section n must be an odd
number and if we end up with an even number for n, in Eq. 17, we
should take the next integer which is definitely an odd number.

941
9
4 X10 41
at 13.075
N c
L of {205 ©
c
>
1+ 11.025
0 . . . . 0
60 80 100 120 140

n

Fig. 2 The left axis shows a plot of the resonant frequency as a
function of the mode number for a 10 pm length microtubule placed
in the aqueous solution. The right axis shows a plot of the quality
factor of resonance as a function of the mode number for the same
microtubule

the graph, the first resonance occurs at the mode number
equal to 67, while for mode numbers below this value there
is no resonance and the amplitude of the bending moment
decreases monotonically as a function of frequency.
Figure 3 shows the amplitude of the bending moment
(more precisely, it is the amplitude of the bending moment
divided by EIA, but as explained in footnote 2, in this
section we are only interested in maximizing the amplitude
of the bending moment for a constant A, which is related to
the intensity of the ultrasound at the location of the MT) at
each resonant frequency as a function of the mode number.
As can be seen from the graph, the amplitude decreases
with an increasing mode number, which suggests that using
the first resonant mode transfers the maximum amount of
energy to the MT compared with other resonant modes. We

d (0) [m]

n

1 . . .
60 80 100 120 140
n

Fig. 3 A plot of the amplitude of the bending moment divided by EIA
at each resonant frequency as a function of the mode number for a
10 um length microtubule in an aqueous solution. In the graph, d,(w)
is equal to D,(w)/EIA = 4(22) /nn[(n*(2)* — L o?)® + (&) 0?)'/?
and in order to obtain the graph, we should substitute w,, from Eq. 16
in d, ()
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discuss this later in regard to the quality factor of each
mode.

Figure 4 shows the amplitudes of the bending moment
as a function of frequency for three different modes. As can
be seen, the amplitude at the resonant frequency for these
modes, which occurs at a maximum of the curves,
decreases with an increasing mode number. This is also
clear from Fig. 3, but here we bring the reader’s attention to
the fact that although the amplitude at the resonant fre-
quency decreases with an increasing mode number, the
width of the curves decreases faster in such a way that
Quality factor, Q-factor, of the resonance, which describes
the sharpness of each resonance (here Q-factor is equal to
uw,/c,), increases with increasing mode number. Unlike
the amplitude that suggests to use the first resonant mode to
transfer the maximum amount of energy to the MT,
Q-factor suggests that for a sharper resonance we should
use modes with a higher mode number. We will resolve
this issue in the next section by introducing a single mode
excitation of the MT. Figure 2 (right axis) shows the
quality factor as a function of the mode number.

Although we have solved and discussed the resonance
condition, the amplitude of the bending moment at each
resonant frequency, and the Q-factor of each mode, it
should be noted that when the MT is driven by an ultra-
sound plane wave, the solution will be a linear combination
of all modes in Eq. 15. More specifically, when we dis-
cussed the resonant frequency for one specific mode, we
really meant the contribution of that mode when the fila-
ment is driven by a specific frequency is at a maximum
compared to its contribution when the filament is driven by
any other frequency. However, an MT actually vibrates

d (@) [m’]

v=w0/2n [Hz]

Fig. 4 A plot of the amplitudes of the bending moment divided by
EIA for a 10 pm length microtubule in an aqueous solution as a
function of frequency for three different modes. (1) the solid curve for
the mode number equal to 67 (which corresponds to the first resonant
mode, ng), (2) the dashed curve for the mode number equal to 99, and
(3) the dotted curve for the mode number equal to 149
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Fig. 5 A plot of the amplitudes of the bending moment divided by
EIA for the same microtubule as a function of frequency for three
consecutive modes:(1) the solid curve for the mode number equal to
99, (2) the dashed curve for the mode number equal to 97, and (3) the
dotted curve for the mode number equal to 95

with a combination of all of its eigen modes. Some of the
modes with a lower mode number may not satisfy the
resonance condition but have a larger amplitude than the
amplitude of the specific mode.

Figure 5 clearly illustrates the previous paragraph.
Although the mode number 99 is at resonance (the solid
curve at its peak), the amplitudes of the mode number 97
(dashed curve) and 95 (dotted curve) are still higher than
the amplitude of this mode at its resonant frequency. This
proves that the ultrasound plane waves really do not
establish any resonance condition for the MT.

Single mode excitation

In order to control the system with frequency, we have to
excite just one single mode whose mode number is larger
that ng (in order to achieve resonance) and eliminate all
other modes. To do that we can no longer excite the fila-
ment with an ultrasound plane wave as considered before
but instead need to modulate the wave. Reviewing care-
fully the steps taken to reach the solution in Eq. 14 helps us
find out what kind of modulation should be attempted for
this purpose. To eliminate the other modes and to excite
only a single mode’, say m, we should eliminate the other
terms in the summation in Eq. 15. However, we know that
the summation has come from the expansion of the
numeral one, in terms of sin(nnx/L) (in order to produce
the plane wave). This explains why we cannot excite
the filament with a plane wave anymore and guides us

7 In this paper, we use m as a mode number when we excite a single
mode and eliminate the other modes (refer to Eqs. 19 and 20). Here,
n has been used to label the mode number for excitation of a single
mode by an ultrasound plane wave (refer to Eqs. 14 and 15).
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to excite the filament with a force density of the form
EIA sin(mnx /L) sin(wt) instead of EIA sin(wt).

Using the above force density, the solution for the filament
vibrational equation and the bending moment equation can
be found from the following equations, respectively

yolsst) = A
U@ - L) + (%) 0 (19)
x sin(mnx/L) sin(wt — d,,),
B — (1)’ EIA
M(x, f) = [<m4(%)4 _%wz)Z + (%)sz]l/z (20)

x sin(mmnx/L) sin(wt — d,,).

In Fig. 6, we have shown a plot of the amplitudes of the
bending moment divided by EIA for a 10 pm length MT in
an aqueous solution. Comparing this figure with Fig. 4
reveals two major advantages of the excitation of a single
mode of the filament with the modulated wave of
EIA sin(mnx /L) sin(wt) with respect to the excitation by
a plane wave. First, the amplitude is much larger in Fig. 6
(specifically, it is mmn/4 times larger since we do not need to
expand the plane wave in terms of harmonic modes). The
second advantage is that by increasing the mode number,
m, the amount of the amplitude of the bending moment at a
resonant frequency (the maximum of each curve) does not
drop as fast as in Fig. 4 and becomes almost flat for a large
mode number.

v=w/2r [HZ]

Fig. 6 A plot of the amplitudes of the bending moment divided by
EIA for a 10 pm length microtubule when a single mode is excited at
a time as a function of frequency, for three modes: (1) the solid curve
for m = 67, (2) the dashed curve for m = 99, and (3) the dotted curve
for the mode number equal to m = 149. Note that there is no need to
pick the odd mode number when we excite just a single mode and
eliminate the other modes. Here, we selected the same mode number
shown in Fig. 4 in order to compare the two situations accurately.
Also note that, unlike in Fig. 4 where the curve is shown for any
driving frequency (since the filament was excited with a plane wave),
here a single mode of the system was excited at a time with a driving
force density of the form EIA sin(mnx/L) sin(wt).
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Fig. 7 A plot of the amplitude of the bending moment at each
resonant frequency divided by EIA as a function of the mode number
for a 10 pm length microtubule in an aqueous solution. The solid
curve (replacing p with m) shows excitation with a modulated wave of
EIA sin(mnx/L) sin(wt). The dashed curve (replacing p with n) shows
excitation with a plane wave having the same amplitude

This is more clear in Fig. 7, which shows a plot of the
amplitude of the bending moment divided by EIA at each
resonant frequency as a function of the mode number for
the same filament for both kinds of excitations. As can be
seen, not only does the modulated excitation yield a much
larger amplitude but also the size of the amplitude for a
large mode number is almost independent of the mode
number. The graph of the Q-factor as a function of the
mode number remains exactly the same as the excitation
using the plane wave in Fig. 2. As with the modulated
excitation, there is no decrease of the amplitude with
increasing mode number. These two graphs (Figs. 2 and 7)
suggest that for more control over the system, we should
use higher mode numbers.

Therefore, the above results lead to the conclusion that
we should excite just a single mode of the MT with a
modulated wave of the form of sin(mmx/L) sin(wt).

From the theoretical point of view, we have demon-
strated that in order to have frequency control over vibra-
tions of the filament we should excite just one single mode
of the filament, but this still leaves the issue of an exper-
imental implementation of this idea. Is there a device that
could produce such a modulated wave?

While presenting technical solutions to such experimental
issues is outside the scope of this paper and providing answers
to the above questions is best left to experimentalists, we still
intend to broadly outline a direction that, in our opinion,
should be taken in future experimental work. Potentially, a
piezoelectric transducer such as PZT-8 ceramics (Prabakar
and Mallikarjun Rao 2006) can produce a relevant range of
frequencies (although a tiny space variation may pose
a challenge), but here we wish to present an idea for its
potential implementation. We think that a design involving

@ Springer
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Fig. 8 A schematic of the proposed double slit ultrasound device for
a single mode excitation (figure not to scale)

interference and double slit effects can lead to successful
solutions of the problems addressed above. An ultrasound
plane wave passing through a double slit can produce a
modulated wave needed for single mode excitation. Figure 8
shows a schematic of such a device. The reason for putting an
acoustic lens between the double slit and the filament is to
enable the control of the distance between two adjacent
maxima. Without this lens it seems impossible to produce
such a minute separation between two adjacent maxima as
required by the design principle. To better elucidate this issue,
we now illustrate it with some concrete numbers. As an
example, we assume the distance between two slits and the
distance between the double slit and the filament are 1 mm
and 1 cm, respectively. For a resonant frequency of about
1.5 GHz, which approximately corresponds to the mode
number 100, and taking into account the speed of sound in an
aqueous solution being about 1,500 m/s, we find the value of
about 10 pm giving the distance between two adjacent
maxima. This is almost 100 times larger than the distance
between two adjacent maxima needed for mode number 100
for an MT as presented in this paper. However, we still need
an acoustic lens to reduce this distance to the correct value.

Intensity and sound level estimation

In this section we calculate the minimum requirement on
the ultrasound intensity to break an MT. In order to break an
MT, we should bend it to a minimum local curvature. Odde
et al. (1999) provides useful information about the breakage
of MTs. The mean curvature to break an MT in Waterman-
Storer and Salmon’s (1997) report is around 1.7 rad/pm.
In a paper published later, Odde et al. (1999) reported
1.5 rad/pm for the related mean curvature. Substituting this

@ Springer

curvature value and flexural rigidity of an MT into the
moment-curvature relationship, we can calculate the mini-
mum required bending moment exerted on the cross-section
of an MT to break it. This value is about 4.5 x 10~ N-m
and is denoted by Mp in what follows. Note that we should
equate Mp with the maximum of the bending moment in
Eq. 20, which is simply the amplitude of the bending
moment in this equation, to find the relation between Mz and
the minimum required ultrasound intensity (denoted by I in
the rest of this section). This will be demonstrated below.
Also, as the maximum bending moment corresponds to the
maximum of the MT solution in Eq. 19, we conclude that the
breakage of MTs occurs at the locations of antinodes.

As mentioned in the section “Derivation of vibrational
dynamics equations,” EIA is the amplitude of the force
density. This quantity is related to the pressure amplitude
of ultrasound through the simple relation between the force
and pressure,

EIA = 2rApy, (21)

where Apy and r denote the pressure amplitude, which is
the maximum increase or decrease in pressure due to
ultrasound, and the radius of MT, respectively. Pressure
amplitude is related to the displacement amplitude, which
is the maximum displacement of the fluid element to either
side of its equilibrium position, through the following
formula (Halliday et al. 2000):

Apo = vp,wso, (22)

where v, p,, », and sy denote the speed of sound in solution
(Kinsler et al. 2001), density of the solution, angular
frequency of ultrasound, and the displacement amplitude,
respectively. By eliminating Apy between Egs. 21 and 22,
and solving for s,, we obtain the following equation for the
displacement amplitude,

_ EIA
C 2mp,0°

S0 (23)

So far, we have managed to find the relationship
between the displacement amplitude, hence the sound
intensity, and the force density amplitude. In order to
obtain an estimate for I, we first need to find the relation
between the bending moment and force density amplitude.
This is achieved by analyzing Eq. 20, in order to relate Mp
and EIAg. Namely,

MB = Dm((})) = dm(cu)EIAB

e’ o
Tt () — e + (e ElAp.

Substituting the above relation for ElAg into Eq. 23
gives the minimum required displacement amplitude, sy,
to break an MT,
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Mp

- 2rvp,wdy, () (25)

SoB
Finally, using the relation between intensity and the
pressure amplitude of sound (Halliday et al. 2000), we
obtain

1
Intensity = 3 PO’y (26)

We now find the final formula for the minimum required
ultrasound intensity to break an MT as

At this point, we substitute physical values for the
parameters in Eq. 27 to estimate I for a 10 pm length MT
in an aqueous solution. My was estimated at the beginning
of this section. Using Fig. 6 to evaluate d,,,(®,,) for the mode
numbers 67, 99, and 149, we find 213, 363, and 397 KW/m?>
for I, respectively. These intensities correspond to decibel
values of 173.3, 175.6, and 176.0 dB, respectively. These
theoretical predictions should be relatively straight-forward
to validate experimentally.

Discussion and conclusions

In this paper, by introducing a new method, we solved the
beam equation for a uniform bio- and nano-filament placed
in a viscous solution, attached at its two ends, and driven
by ultrasound plane waves. The method is based on con-
verting the related beam equation to an equation that
allows the use of the method of separation of variables. We
then reconstructed the solution of the original beam equa-
tion from the solutions of the converted equations. More-
over, we have used the parametric equations found in this
paper to investigate the resonance condition for an MT in
an aqueous solution. Needless to say, achieving resonance
is important in order to control the transfer of energy to the
MT and to attain its maximum rate. We have shown that
the ultrasound plane wave cannot satisfy the resonance
condition for the MT as it excites all the odd-number
modes at the same time. We have also shown that in order
to achieve resonance we should excite only a single mode
of the MT. Single mode excitation results in a noticeable
reduction (by four orders of magnitude) of the total energy
transferred to the surrounding medium since it requires a
much smaller sound intensity compared to the multi-mode
excitation. Another important result presented in this paper
is the fact that the amplitude of the bending moment is
almost independent of the mode number in single mode
excitation. This will help excite a higher mode in order to
achieve the resonance condition with a high quality factor
and a high amplitude at the same time.

Another aspect that we wish to briefly discuss here is the
dependence of the first resonant mode number on the
length of the filament. As can be seen from Eq. 17, for
filaments with L<1 m (which for bio- and nano-filaments

is always the case), [%(%)'/4(%)'/2] z%(ﬁ)l/“(%)'/z.

This means that the first resonant mode number is pro-
portional to the length of the filament and subsequently the
ratio of L/ng is independent of L. This ratio defines the
maximum possible distance between two neighboring
nodes and it does not depend on the length of the filament.
For example, in the case of a 5 um long MT (i.e., half of
10 pum), we readily conclude that the first resonant mode
number is 67/2 = 34 which is found by a scaling rule.
Also, Eq. 16 indicates that for a given possible mode
number, resonance frequency decreases with increasing
length of the filament.

Furthermore, the dependence of the first resonant mode
number and resonance frequencies on the viscosity of the
solution is important. We have assumed in this study that it
applies to an experimental set up in vitro, where MTs are
typically submerged in a buffer solution whose viscosity is
close to the viscosity of water. In the case of an arbitrary
viscosity, since the equations derived for the first mode
number and resonant frequencies are completely analytic
and parametric, we can substitute the related values for the
arbitrary viscosity into these equations and extract the
relevant solutions corresponding to these viscosities. For
example, in the case of the actual cytoplasmic viscosity,
which is about 10 times greater than the viscosity of water
(Salmon et al. 1984), using Eq. 17 results in the first mode
number increasing by a factor of 10"?a3. The corre-
sponding relation for the resonant frequencies is a little
more complicated through Eq. 16, but this equation shows
that the resonant frequency for a given mode number will
decrease. The complexity involved in the rheology of the
entire cell appears to be outside the scope of this manu-
script. In the future, the scope of this work should go
beyond individual filaments towards integrating cell
mechanics (Fabry et al. 2001).

In recent experiments (Pizzi and Fiorentini (2009); Pizzi
et al. (2011)) solutions containing assembled and unas-
sembled tubulin were subjected to waves produced by a
microwave generator in the range between 0.8 and
2.5 GHz. While the spectrum analyzer detected no signif-
icant changes in the case of free tubulin in solution and the
control buffer solution with no protein, samples containing
microtubules in solution showed a resonance phenomenon
centered at 1.51 GHz. This was interpreted as indicating
resonant absorption of electromagnetic energy at a fre-
quency range within that predicted in this paper. The
authors suggested a mechanical mode of behavior in the
case of microtubules, as opposed to free tubulin of buffer

@ Springer



946

Eur Biophys J (2011) 40:937-946

solution, a conclusion that is consistent with our analysis.
Another recent experiment (Pokorny et al. 2011) also
reported resonant energy absorption of MTs within the
range of GHz excitations.

Finally, by finding a new parametric equation describing
the breakage intensity of bio- and nano-filaments in a
viscous fluid and subjected to ultrasound, we have esti-
mated the required minimum breakage intensity for the
ultrasound at the location of an MT. We have shown that
for a 10 pm MT in an aqueous solution, this intensity is on
the order of 10> W/m?, which corresponds to 170 dB.
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Appendix: expansion coefficients in Eq. 13

Here we calculate the coefficients of the Fourier sine series
for the following function in the interval ]0, L[

-1 —-L<x<0

fxy={ 0  x=0 (A1)

1 O<x<L
Coefficients pre-multiplying the cosine terms are

0 L
1

a, = A / cos(nTm>ds + /cos(nTm)ds =0

L 0

(A2)

which is obvious as the above function is an odd function.
Also the coefficients for sine terms are

0
b, = % - / sin(?)ds + /L sin(?)ds
L 0 (A3)

nis an odd number
nis an even number

_ {4/(;1n

Using the above equations we obtain % [sin(mx/L)/1+

sin(3nx/L)/3 + sin(57x/L)/5+ -] =1 for 0 <x < L.
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